
Chapter 2

Problem Description

2.1 Problem De�nition

This thesis deals with Convex Semi-In�nite Programming (CSIP) problems. The CSIP prob-

lems that are presented are of the form

Inf h(x) (2.1)

s:t: ft(x) � 0; t 2 T

where h and ft are proper convex functions de�ned in Rn (i.e. dom ft = Rn) 8t 2 T , and

T is an arbitrary set of indices. F denotes the feasible set of the given CSIP problem while

F opt denotes the set of solutions to the optimization problem. The notation int; cl;bd; extr,

dim; conv; cone are used to denote respectively the interior, closure, border, extreme point

set, dimension, convex hull and conical hull of a given set. Conventional notation such as

min;max; inf; and sup are used to denote respectively the minimum, maximum, in�mum and

supremum of a function, Bn is used to denote the open unit ball of Rn and O(x) denotes the

open ball with centre x and radius  .

It is very important to emphasize the structure of (2.1), in particular the form of the

inequality constraints. All constraints must be composed by a proper convex function ft :

Rn ! R to the left of a � inequality which is followed by 0. This structure in the constraint
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system guarantees that the feasible set F will be a closed convex set in Rn. This is shown in

further detail in Chapter 3. This characteristic is very important for the thesis since many of

the proofs presented use concepts from convex analysis. It is also important to note that we

do not assume any structure for the index set T .

A critical aspect of Semi-In�nite Programming for both theoretic and application purposes

is the set of active constraints at a given point x 2 bdF . The set of feasible directions, its

polar cone, and the set of active constraints of a given point x 2 Rn play a very important role

in determining its characteristics with respect to the constraint system � = fft(x) � 0; t 2 Tg.

One of the characteristics that can be veri�ed from studying these sets is the position of the

point with respect to the feasible set. Based on the afore mentioned sets, we can state whether

the point in question is an interior, boundary, infeasible, or extreme point of the feasible set

F . These sets are very di¢ cult to de�ne in the semi-in�nite context, since there may exist

boundary points x 2 Rn with no active constraint (in the usual sense). To illustrate this, we

present the following examples of inequality systems. The �rst is an example in LSIP, where

the constraints are de�ned by linear functions, while the second is an example in CSIP where

constraints are de�ned by convex (not necessarily linear) functions.

Example 2.1.1 Let m � 1

gm(x; y) :=

8><>: �(mx+ y); if x � 0

�( xm + y) if x > 0

The feasible set F that corresponds to the system de�ned by

� = fgm(x; y) � 0;8m � 1g

is shown in Figure 2.1.1.It can easily be seen that the solution set to � is

F = f(x; y) 2 R2j x � 0; y � 0g

hence F is a convex set. It is important to note that the points x 2 bdFnf0g have no active
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Figure 2.1: Feasible Set of Example 2.1.1

constraint in the conventional sense, despite the fact that they are in bdF .

Example 2.1.2 Let gm(x; y) = mx2 � y where (x; y) 2 R2;m � 1. We will now prove that

gm(x; y) is a convex function 8m � 1.
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gm(�x1 + (1� �)x2; �y1 + (1� �)y2) � �gm(x1; y1) + (1� �)gm(x2; y2) ;

() m(�x1 + (1� �)x2)2 � �y1 � (1� �)y2 � �(mx21 � y1) + (1� �)(mx22 � y2)

() m(�x1 + (1� �)x2)2 � �mx21 + (1� �)mx22

() m�2x21 � �mx21 + (1� �)2mx22 � (1� �)mx22 + 2m�(1� �)x1x2 � 0

() m(�2x21 � �x21 + (1� �)2x22 � (1� �)x22 + 2�(1� �)x1x2) � 0

() �2x21 � �x21 + (1� �)2x22 � (1� �)x22 + 2�(1� �)x1x2 � 0; (m � 1 > 0)

() �x21(�� 1)� �(1� �)x22 + 2�(1� �)x1x2 � 0

() �(1� �)(�x21 � x22 + 2x1x2) � 0

() ��(1� �)(x1 � x2)2 � 0

() (x1 � x2)2 � 0

Therefore gm(x; y) is a convex function.The feasible set F that corresponds to the system de-

�ned by

� = fgm(x; y) � 0;8m � 1g

is shown in Figure 2.2.

It can easily be seen from the �gure above that the solution set to � is the intersection of

the areas inside all the parabolas, i.e.

F = f(x; y) 2 R2j x = 0g

hence F is a convex subset of Rn. Note that in this example for any x 2 bdFnf0g there are

no active constraints in the conventional sense.

Due to this dilemma, two new approaches have been proposed in [10] and [11] for the
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Figure 2.2: Feasible Set of Example 2.1.2

linear semi-in�nite programming case. Exploring these notions for the convex case may lead

to extended de�nitions which will work for both the linear and the convex case

The primary objective of this thesis is to extend the following de�nition of �active

constraints presented in [11] from the Linear Semi-In�nite Programming Case to the Convex

Semi-In�nite Programming case.

De�nition 2.1.1 Given x 2 Rn;  > 0

W (x; ) :=
�
at j a0ty = bt for a certain y 2 x+ Bn and a certain t 2 T

	
(2.2)

where at and bt are the corresponding components of the (LSIP) Problem:

min c0x (2.3)

s:t: � = fa0tx � bt; t 2 Tg

where c 2 Rn; at 2 Rn and bt 2 R 8t 2 T

Secondary objectives of this thesis are the use of the new generalized de�nition of �active
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constraints to extend the lemmas and propositions presented in [11] as well as to prove new

theorems for the CSIP case.

In this thesis we present two approaches to extending the concept of �active constraints.

The �rst is based on the subdi¤erential of the functions ft at a point x 2 Rn while the second

approach is based on the linearization of the semi-in�nite inequality system � by means of the

conjugate functions f�t . For each approach we propose a de�nition of �active constraints

and explore the properties presented in [11] with these new de�nitions. We present counter

examples when the properties do not hold and proofs for those that do. We also provide a

comparison of the two approaches so as to analyze the advantages and shortcomings of each

approach.

2.2 Literature Review

As was previously mentioned, Semi-In�nite Programming has grown to be an independent

branch of research. This is due to its applicability to real life problems. Next, we explain

in detail two cases where Semi-In�nite Programming problem can be used to solve problems

that appear in everyday contexts as presented in [3] and [29].

One of the applications of semi-in�nite programming from the area of probability and

statistics stems from a branch known as subjective probability. This approach can be used to

model the classic booker B and gambler G situation as follows. Given a real valued function

or random quantity as referred to in this context, X over the probablility space 
 and ! 2 
,

the booker must assess the value pX 2 R (the prevision). B is obliged to accept any bet

with a gambler G with payo¤ c(X(!) � pX) where pX is determined by B and c 2 R (the

wager) is determined by G. In the assessment of pX one very important characteristic must

be con�rmed. There must be no choice of c that will lead to a sure loss or a sure gain.

Mathematically this can be formulated as follows. There must not exist c 2 R nor " > 0 such

that

c(X(!)� pX) � �" 8! 2 
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This property is denoted as coherence. It is in the con�rmation of this property that the use

of semi-in�nite programming comes forth. The following linear programming model is used

to verify coherence.

inf t (2.4)

s:t:

nX
i=1

ci(Xi(!)� pi) + t � 0 8! 2 


Where n is the number of gamblers Gi whose wager the booker B will accept. If the optimal

value of (2.4) is equal to zero, then the set p of pis is coherent. The cardinality of 
 determines

the number of constraints of the problem, therefore if j
j = 1, then (2.4) becomes a semi-

in�nite linear programming problem. More on this topic can be found in [3].

Another application of semi-in�nite programming is the modelling of assignment problems.

In [29] assignment problems are presented in a semi-in�nite context. A semi-in�nite (bounded)

assignment problem is denoted by a tuple (M;W;A) where M is a �nite set, W is the set

of natural numbers, and A denotes the set of aij (rewards of assigning i 2 M and j 2 W )

which are bounded from above. An assigment plan Y = [yij ] i 2 M and j 2 W is a matrix

with binary entries denoting whether i is assigned to j (yij = 1) or not (yij = 0). Using this

notation the following semi-in�nite program arises.

sup
X

(i;j)2M�W
aijyij (2.5)

X
j2W

yij � 1 8i 2M

X
i2M

yij � 1 8j 2W

These are only a few of the many applications of semi-in�nite programming to real life

situations. Because of this, much research has been done in SIP presenting su¢ cient and nec-

essary optimality conditions, convergence algorithms, stability theory and metric regularity.

Since 1967, there has been steady progress in the study of SIP. Many of the articles
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found in the literature present results on the stability of the feasible set F or the solution

set F opt. Among these publications are the works of D. Klatte and Rene Henrion [19], and

Hubertus Th. Jongen and Jan-J. Ruckmann [17] both published in 1998, not to mention the

articles: Abdelhad Hassouni and Werner Oettli [14], and Marco A. Lopez and Virginia N.

Vera de Serio [24] both published in 2001 not to mention the articles [8] and [9] by Miguel A.

Goberna, Marco A. Lopez and Maxim I. Todorov.

In [19] and [17], the problems analyzed are in a general context. There are no speci�cations

about the objective function nor the set of constraints that de�ne the semi-in�nite problem.

They may or may not be linear or convex. The feasible set is expressed in the following

manner

M [h; g] =M = fx 2 Rnjhi(x) = 0; i 2 A; g(x; y) � 0 8y 2 Y g (2.6)

where Y is an arbitrary index set and A is a countable �nite index set with jAj < n: Because

of the general context, the stability properties of these problems are characterised by explor-

ing the structure of the inequality systems through the concept of Constraint Quali�cations

such as Extended Mangasarian-Fromovitz Constraint Quali�cation (EMFCQ), Linear Inde-

pendence Constraint Quali�cation (LICQ), and Finite Implicit Constraint Systems (FICS).

More on these constraint quali�cations can be found in [23] and [22].They also make strong

assumptions such as speci�c topological characteristics in the index sets of the inequality sys-

tem and its corresponding feasible set (compactness, di¤erentiability, among others), and the

continuity of all functions involved and their respective gradient functions. In [19] and [14]

stability in the feasible set is de�ned through the concept of metric regularity, while in [17]

the de�nition of stability is based on the existence of a homeomorphic relation between the

perturbed system and its original system. Their results are valid in the General Semi-In�nite

Programming (GSIP) case, thereby lacking the use of the structure present in CSIP.

The concepts and notation presented in [24] are similar to those which will be presented in

this thesis. In this article as in this thesis, the feasible set is the solution set of the following

system

� = fft(x) � 0; t 2 Tg (2.7)
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where ft(x) is a convex and �nite valued function, 8t 2 T . In [24], the concepts of sub-

gradients, sub-di¤erentials and the conjugate functions are used to convert (2.7) into the

following linear semi-in�nite system.

�L = fu0tx � f�t (ut); ut 2 @ft(Rn); t 2 Tg (2.8)

where @f(x) = fu 2 Rnj f(y) � f(x) + u0(y � x);8y 2 Rng

@f(Rn) = [f@f(x)jx 2 Rng

and f�(u) = supfu0x� f(x)jx 2 Rng

The authors then proceed to prove the equivalence of the Strong Slater Points, and Metric

Regularity between the systems (2.8) and (2.7). This equivalence forms the basis of their

proofs of the stability theorems that follow. In this document we use a similar linearization

of the inequaliy system to achieve our objective.

Another aspect that is crucial in optimization are optimality conditions. Being a particular

case of an optimizations problem, CSIP is not di¤erent. Several authors have presented results

enunciating su¢ cient conditions for optimality via di¤erent tools. In [6], the authors present a

su¢ cient condition using the cone generated by the union of the active constraints at a point

x 2 F and the subdi¤erential of the objective function at the same point. This condition

works under the assumption that there exist any active constraints at x 2 F . In [21], the

authors present a su¢ cient optimality conditions based on a new concept known as Immobile

Indices. This concept refers to constraints that are active for all x 2 F . This however, restricts

the spectrum of problems for which this method can be used.

Not much literature was found that gave a de�nition of extended active constraints in

Convex Semi-In�nite Programming. This led to most of the bibliography used for this partic-

ular topic being articles which study the Linear Semi-In�nite Programming case, where the

problems are de�ned as in (2.3). Two di¤erent approaches to the active constraint problem

are presented. The �rst comes from [10] presented by Goberna, Lopez and Todorov. These

authors present the use of the sub-di¤erential and sub-gradient properties of the sup-function
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to replace in�nitely many linear constraints with a convex constraint.

In [30] another tool known as �active constraints (2.2), is proposed to de�ne the char-

acteristics of an arbitrary point x 2 Rn with respect to the feasible set of a given Linear

Semi-In�nite Programming Problem. This new set of extended active constraints, provides a

local characterization of any given point x 2 Rn by studying the constraints that are active

within a neighbourhood that contains it. This new tool replaces the use of the polar cone of

the feasible directions at a given point x 2 Rn to detect characteristics of the feasible set. The

following Proposition from [30] is an example of this set�s usefulness in the characterization

of an arbitrary point.

Proposition 2.2.1 Given x 2 F and  > 0, the following statements hold:

(i) If F = fxg, then 0n 2 int coneW (x; ).

(ii) If x 2 F opt, then c 2 cl coneW (x; ).

(iii) If x 2 extrF , then dim coneW (x; ) = n:

The concepts, lemmas, theorems and propositions found in [10] and [30] on extended active

constraints serve as the theoretic basis for the work that is presented in this thesis. These are

explained in more detail in Chapter 3.




